KIX1002: ENGINEERING MATHEMATICS 2

TUTORIAL 13: Partial Differential Equation Il

The general solutions of the following PDEs have been found in Tutorial 12, Question 2 —5.
Continue to find the particular solution for each case based on the given boundary and initial
conditions.

Laplace equation, uy, + uy, =0

General solution: u(x,y)
= (01 + czy)(c3 + c4x)
+ (cscos(ay) + cesin(ay) ) (c;cosh(ax) + cgsinh(ax))
+ (cgcosh(ay) + c;osinh(ay) ) (cllcos((xx) + ¢4;sin(ax) )

Subject to the given boundary conditions:

1) u(O,y)zO, u(a,y)zO, 0<y<b
u(x, 0) =0, u(x, b) = f(x), 0<x<a
2) u(0,y)=0, u(l, y)=1-y, 0<y<1
du _ ou _
53}:0_0‘ ayy=1_0, 0<x<1
3) Z—Z|y=x =u(0,y), u(my) =1 o<y<m
u(x, 0)=0, u(x, n)=0, 0<x<m
4) u(O, y) =0, u(a, y) =50, 0<y<b
u(x, 0) =0, u(x, b) =0, 0<x<a
5) u(0,y)=0, u(a, y) =50, 0<y<b
u(x, 0) =0, u(x, b) = f(x), 0<x<a

6) Heat equation, Uy — Uy, = 0
General solution: u(x, t)
= Ayx + B, + e®’t (A,cosh(ax) + B,sinh(ax))
+e 't (Ascos(ax) + Bzsin(ax) )
Subject to the given boundary conditions:
u(0, t) =0, u(2,t) =0, t>0
u(x, 0) = sin%x, 0<x<?2



7) Heat equation, u; — iuxx =0
General solution: u(x, t)
= Ayx + By + e®’t (Aycosh(4ax) + Bysinh(4ax))
+e 't (Ascos(4ax) + Bssin(4ax) )
Subject to the given boundary conditions:
u(0, t) =0, u(1, t) =0, t>0
u(x, 0) = 2 sin2mx, 0<x<l1

8) Wave equation, Ug — Uy, = 0
General solution: u(x, t)
= (01 + czt)(c3 + c4x)
+ (cscos h(at) + cgsin h(at))(c;cos h(ax) + cgsin h(ax))
+ (cgcos(at) + cipsin(at) ) (cllcos(ax) + cqpsin(ax) )
Subject to the given boundary conditions:
u(0, t) =0, u(1, £) =0, t>0
u(x, 0): sinx, Z—Z(x,O)zO 0<x<l1
9) Continue to estimate the solution of Q2 at (0.9,0.1) by using 2 summation terms. Assume
the actual answer is 0.74045 and the allowable percentage of error is 1%. Please comment if

the estimation is acceptable or not. If no, please suggest how to improve the solution.

10) Identify the eigenvalue and eigenvector of PDE solutions that has been solved in Q2.



Short Answer for Self-Check:

2

Ql: Uorar (6, V) = Ymes <m foaf(x) Sinngx dx sinh(%y)) (sin(%nx))

1 2 weo [ (A-(=D") .
Q2: usorai(x,y) = SX+ pZn:1 (m smh(nnx)) (cos(nmy))
. _ 2y (1-(-1)™) n cosh(nx)+sinh(nx) .
Q3: Urorar (1, y) = nzn:l( n ncosh(nn)+sinh(nn)) (sin(ny))
100

Q4: Ugorar (%, ¥) = Z%o:1< [1- (—1)"]Sinh(7;—7TX)> (Sin(rz—ny))

nnsinh(%a)

100

Q5: Usorar (X, Y) = Ymea (ﬁh("—"u) [1 — (—=1)™] sinh (2—” x)> (sin (7;—”)1)) +

Yo <;"—”b) foaf(x) sinn%x dx Sinh(%}’)) (Sin(%X))

asinh(

2

Q6: Upgrq(x,t) = e~ 4 ¢ (sin(g x) )

2
Tt

Q7: Upprar(x, t) = 2+ (sin(2mx))

Q8: usoar(x, t) = (cos(mt)) (sin(mx))

Q9: Uy prq;(0.9,0.1) ~0.73107

Q10: For case 1, eigenvalue, A=0 ; eigenfunction of PDE: u; = (A; + B;x)
For case 2, eigenvalue, A=-(nm)? ; eigenfunction of PDE:

Uy n(x,¥) = (cos(nmy))(Azncosh(nmx) + B, psinh(nmx)) where n=1, 2, 3, ...
No eigenvalue & eigenfunction for case 3.



