APPENDIX 2.12: EXACT DIFFERENTIAL EQUATION

Some differential equations are of a form that can be solved readily, it would be useful to be able to
recognize them. For example: we know the derivative for:

Product rule Quotient rule
X d d
LN — 2 4 8Dyt y 1) _ Y y-xy
dx dx dx E - y2 - y2

Example: Solve the differential equation xy' +y = 0.

. . d
Solution: If we recalled the product rule, we can see that the LHS is equal to xy’ +y = %. Thus,
the differential equation xy’ + y = 0 is of the ‘exact’ form. Hence, we can further solve it as

xy'+y=0
d(xy) _
> === 0

> f%dx=f0dx
>>xy =C

c
>>y ==
X

Identification of exact differential equation would be difficult in most of the time as it
involves a lot of memorization and the identification process become hard, especially when the
differential equation is varies with the original format that you memorize.

Forexample: Is xy' + y + 4 = 0 an exact differential equation ?

Thus, it is crucial for us to know the equation whether it is exact or not before we proceed with some
lengthy process in finding its solution. In general, exact differential equation can be identified by
using the following approach.

Procedure to check the exact differential equation:

First, arrange the 1* order differential equation of the form
M(x,y)dx + N(x,y)dy =0

where M (x,y) & N(x,y) are two functions of independent variable x and dependent variable y.

If aM(x,y) — aN(x'y)
oy ox !

then it is an exact differential equation.




oM (x,y) + ON(x,y)

If dy ox

1

then there is no way for the differential equation to be exact.

Thus, we need to use other strategy to solve the problem

Example: Solve the differential equation xy’ + y + 4 = 0.

Solution: Check if we can solve using exact differential equation.

xy'+y+4=0

>>xdy + (y +4)dx =0 [Comment: Arrange it in the form of (x,y)dx + N(x,y)dy =
0]

>> where

Mx,y) =@ +4)

N(x,y) =x

OM(x,y) _ ON(x,y)

condition.
ay ax

>> Check it with

OM(xy) _ 9 _
LHS: =2 =~ (y+4) = 1

CON(xy) _ i _
RHS'—ax == x)=1

OM(xy) _ ON(xY)
ady )"

= Since is true, we can solve it using exact differential equation.

Further solve it using exact approach.
xy'+y+4=0

oy AEOH) _ o
dx

>f@dx:f0dx
>>x(y+4)=C

>>y=£—4




Previous examples show that if the differential equation can be in the “exact” form, it can be solved
directly. However, it is undesired to obtain the exact differential equation in most of the time.

Example: Solve the differential equationxy’ —y =0

Solution:

Again, we are not sure if xy’ —y = 0, so we check it with aM;;'y) = aNgi’y) condition.

xy'—y=0

>>xdy —ydx =0 [Comment: Arrange it in the form of (x, y)dx + N (x,y)dy =
0]

>> where

M(x, }’) ==y

N(x,y) =x

OM(x,y) _ ON(x,y)

>> Check it with condition.

ay ax
L OM(xy) _ i _ _
LHS: oy ay( y)=-1
LONxY) 0 _
RHS'—ax == x)=1
~ Since Mxy) _ INCLY) is not true, we cannot solve it using exact differential equation.

dy ox

Note: It can’t be solved as it is in “non exact form”. However, there is a method used to convert it to
exact form. It is a strategy involving Integrating Factor and Linear Differential Equation as shown
in Section 2.2..1.



APPENDIX 2.2 BERNOULLI'S DIFFERENTIAL EQUATION

There are some cases cannot be solved by the previous strategies due to its non-linear and non-
separable characteristics, however, if it is in the form of Bernoulli’s equation, it can be converted to
the linear differential equation and hence solved by using the Integrating Factor strategy.

A Bernoulli’s differential equation has the form of

d
4Py = GOy

Note: The component y" decides whether it is linear or nonlinear differential equation.

Forn =0, 2—32 +px)y =r(x) [linear differential
equation]
Forn =1, % + (p(x) — r(x))y =0 [linear differential
equation]
Forn > 1, Z—z +p(x)y =r()y" [nonlinear differential
equation]

To convert the nonlinear Bernoulli’s equation into linear form, we need two important properties:

[i] Letv(x) = {y()}'™

where y = dependent variable & x = independent variable

[ii] The derivative 1 Do) _ {y(x)}‘"d}‘;—ix)

' 1-n) dx
Prove:
dv(x) _ — (1-n)-1 9y(x)
= = (1-m{y) -
1 dv(x) _ —ndy(x)
(1-n) dx - {y(x)} dx

Substitute eqns. [i] & [ii] to the nonlinear Bernoulli’s equation:

Forn > 1, Z—i/ +px)y =r(x)y" [Comment: nonlinear Bernoulli’s
equation]

where y = dependent variable & x = independent variable

Divide by y™ and we get y™" Z—Z +p(xX)yr ™ =r(x) [Step 1: Divide by y™]




Substitute the eqgns.
M v =Y

.. 1 dv(x) n dy(x)
i) aoya = el :
We get [Step 2: Substitution method]
ﬁdzgcx) +p)v(x) =r(x) [Comment: linear Bernoulli’s equation]

where v = dependent variable & x = independent variable

Hence, the 1° order linear differential equation can be solved using the previous strategy. Once
you obtain the solution v. Back substitute it into eqn. v(x) = {y(x)}* " to obtain the solution y.

For example: Solve the equation % + 3x2y = xe*’y?

Solution:

ay 2y, — y X342
dx+3xy—xe y

Think: What is the nonlinear component.
Recognize that it is nonlinear Bernoulli egn. % +px)y =r(x)y",

With p(x) = 3x2, r(x) = xe*",n = 2

[Step 1: Divide by y™]

>>y 72 y+3x y~1 = xe*’

[Step 2: Substitution method]
>> Letv(x) = {y(x)}' " = {y()}~*

1 dv(x) de(X) dv(x)
>>Let —— o i ={y(x)}~ o
—zd_y+3 2.1 _ X
Y=+ 3x%y xe
d”(x) + 3x2v(x) = xe* [Comment: linear Bernoulli’s
equat/on]

[Step 3: Linear Diﬁ‘erentia[ equation]
dv(x)

+ 3x2%v(x) = xe*




dv(x)
dx

—3x%v(x) = — xeX’ [Step 1- Linear Form]

where

v = dependent variable

x = independent variable
p(x)=—3x?
r(x) = —xe”*

>> The integrating factor, IF = e/ P()dx = o[ =3x%dx — o=x°  [Gtep 5 |F]

S dl;—(;) — e‘x3(3x2v(x)) = e‘x3(—xe"3) [Step 3- Multiply]
—x3 dv(x) e _

>>e™F —=— (3x v(x))

>> % (e‘xs. v(x)) =—Xx [Step 4- Exact]

where [F=e¢™* & v = dependent variable

o> f%(e_’ﬁ_v(x)) dx = [(—x)dx [Step 5- Integrate]

2
>>e % p(x) = Tx +C

[Step 4: Back Substitution]

.2
>> Previously we obtained v(x) = {y(x)}"! and e‘xs.v(x) = Tx +C

e Y}t =+

1 2 .
~y(x) = e"‘z’._x2 = Fac gl where C = arbitrary constant.
"y -

For example: Solve the equation 3 % +y=(1-2x)y*

Solution:

d
3ﬁ+y =(1-2x)y*
Think: What is the nonlinear component.

Recognize that it is nonlinear Bernoulli egn. Z—z +px)y =r(x)y",

Withp(x) = r(x) = w n=4




[Step 1: Divide by y™]

ay  y_ (A-2%) y
dx 3 3

-3
—ady | y—° _ (1-2x)
>y Tt TS

[Step 2: Substitution method]
>> Letv(x) = [y} =y} ;

1 dv(x) _ —4dy(x) _ 1 dv(x)
>>Let (1-n) dx {y(x)} dx -3 dx

—4dy n y? _ (-2

y dx 3 3
idv(x) @ _ (1-2x)
-3 dx 3 3
> =28 4 y(x) = (1-21)
equation]

[Step 3: Linear Differential equation]

_ dv(x) _ _
T v(x) = (1-2x)
dv(x) _ _
>>— == v(x) =2x—-1)
where

v = dependent variable

x = independent variable
p(x)=—1
r(x)=02x—-1)

>> The integrating factor, IF = e/ P@dx = g -1dx — o—x

>> e‘xd:;—(;)— e*v(x)=e*2x—-1)

>> %(e‘x.v(x)) =e*¥2x-1)

where [F = e™ & v = dependent variable

>> f%(e‘x.v(x))dx = [e™(2x — 1)dx

>>e . v(x) = [e™*(2x) — e ¥dx

Where [ e™*(2x) —e ¥dx = [ e *(2x) — 2 + e *dx

[Comment: linear Bernoulli’s

[Step a- Linear Form]

[Step b- IF]

[Step c- Multiply]

[Step d- Exact]

[Step e- Integrate]




= [e™(2x) — 2e dx + [ e ¥dx
=-2xe ¥+ (—e*)+C
Hint: Product rule, ie. [ f'(x)g(x) + f(x)g'(x) dx = f(x)g(x) + C

Think: Can we use integration by part, i.e. f[udv=uv— [vdu to solve the integration
problem?

>>e *v(x) = -2xe*+(—e ¥)+C

[Step 4: Back Substitution]

>> Previously we obtained v(x) = {y(x)}™3 and e ™*.v(x) = —2xe ¥ —e*+C
>>e X {y(x)} 3 =-2xe*—e*+C

R 1 _ 1
»>{y) =e ‘—2xe~¥—e~X+C  —2x—1+Ce*

3 1 .
Ly(x) = /—2x——1+CeX' where C = arbitrary constant.




APPENDIX 2.3DIFFERENTIAL EQUATION OF HOMOGENEOUS dy/dx = f(x,v)/g(x,y)
FORM

dy _ fC)

Previously, we use the il form to check the homogeneity of 1* order nonlinear ODE. This
L d ,
section introduces the strategy used to solve the homogeneous é = %.

A homogeneous differential equation has the form of

ay _ fxy)
dx  gxy)

if f(x,y) and g(x,y) are homogeneous of the same degree, where
f(Ax, 2y) = A" f (x,y)
9(Ax, Ay) = A"2g(x,y)

&n1 =N,

For example: Solve 2xy% —y? = —x?
Think: What is the nonlinear component? Is it in Bernoulli egn. form?

Hint: If it is non-linear and can’t be in Bernoulli eqn. form, we need to use other method to solve the
1* order nonlinear ODE equation.

. dy _ fxy)
Rearrange it to the form of = gy Ve get
2_.2
s> Y X
dx 2xy

Check its homogeneous degree

S TAxAy) W)*-A0)* _ 2(*-)?) _ Afxy)

gxAy)  2(0)(Ay) 2@(xy)  A2g(xy)

~ Itis a 1* order nonlinear ODE with homogeneous % = % form of degree 2.

dy — f(x'y) 1
e form can be solved by using

substitution method as shown in the table below. In general, this form is very useful to convert the
non-separable differential equation into separable differential equation.

The 1 order nonlinear ODE with homogeneous

. . d : .
To convert the 1* order nonlinear ODE with homogeneous d—i’ = % form into separable form, we

need two important properties:



[i] Letv(x) = % or Yy =vx

where y = dependent variable & x = independent variable

[ii] The derivative, Z—z = x% [v]+v

d
For example: Solve nyé —y?% = —x?

Solution:

dy
2xy -~ —y? = —x?

2 2

d -X
>> 2 =Y

dx 2xy

dy _ f(xy)

ol form; non-separable form]

[Comment: 1* order nonlinear ODE with homogeneous

Step 1: Substitution method

Yy =vx

ay _ 4
dx—xdx[v]+v

dy _ (wx)?-x? _ _ d
dx 2x(vx) dx
¥)?%-1 dv

> TV, [Comment: Solve using separable differential equation]

1
>>;dx —W

2(v)

1
>>;dx = dv

vZ—1-2v2

2(v)

2v
_1)2_1

>> i dx = dv [Step a- Separable form]

>> [ % dx = [ dv [Step b- Integrate both sides]

—172—1
>> In|x| = —In|-v? - 1|+ C

2v
—p2-1

Hint: Solve [ dv using substitution method, letu = —v? — 1

Step 2: Back Substitution

>> Previously we obtained y = vx & In|x| = —In|-v?—1|+C



>> In|x| = —=In |—(¥)Z - 1| +C

X

>> In|x| + In ‘— (3—1)2 - 1| =+C

y2
>> ln|—7—x| =+4C

2
>> —L —x = ¢
X

>>y? = —x? — xe’

Ly =4/ —x2 — xe€



APPENDIX 2.4 DIFFERENTIAL EQUATION OF NONHOMOGENEQOUS

dy/dx = f(x,y)/9(x,y) FORM

. , - d ,
Previous strategies/ methods are not sufficient to solve the nonhomogeneous -~ = [xy)

ax  gxy)
dy _ 2x—4y+5 . _
such as ﬁ = % It involves other types of substitution to solve the problem. For example, for

problem

d X, aix+biy+c . .
the nonhomogeneous =2 = Ly) _ x*hiyte; (6 yse the substitution as follows:
dx  g(xy) azx+byy+c;

Casel Caselll
a; by _ a; by
a, b, =0 a, b, #0
Letv = a;x + by Letx=X+h
y=Y+k

where the pair constant (h, k) can be obtained
by solving the simultaneous equations:

a1h+b1k+C1=0
a2h+b2k+C2:0

The substitution converts the nonhomogeneous Ly _ [00y)

dx — g(xy)
can be solved by method introduced in Appendix 11.7.

to homogeneous form and hence it

ay _ fGxy)
dx  g(xy)
types of substitution to convert it to homogeneous form. The topic is wide and thus it is not covered
in this study.

The nonlinear nonhomogeneous has a lot of branches and it may require various

d 2X—4y+5
For example: Solve 2= Y
dx x—=2y+3

Solution:
ay _ f(xy) _ aaxtbiytc
dx glxy) a,x+byy+cy

a; b 2 —4

L | =—4—(-4)=0 [Comment: Case []
a, bz 1 -2

2X—4y+5 v+5
v=2x—4y - RHS: W=
x—2y+3 E+3
d d ay 2-%
av _ 5 _ & LY T
dx dx = LHS: dx 4
+5 2 & d 8v+40  6v+28
v T v v v
RHS=LHS > =1 >—=2- = [Comment: Separable
§+3 4 dx v+6 v+6
form]
dv _ ., 8v+40 _ 6v+28
dx v+6  v+6
v+6

) dv = [dx

6v+28




1

> fg 3(6v+28) dv = [dx

91 4ln|6v+28| —x4C
VT3 6

> 2 (2x — 4y) +2In|6(2x — 4y) + 28| = x + C
4y]

£ Gx—2y) +3In|12x — 24y + 28| = x + C

[Comment: Back substitution of v = 2x —

[General implicit solution]

—-x+2y—4
2x—=y+2

d
For example: Solve % =

Solution:

ay _ fxy) _ Gaxtbiyte,
dx glx,y) a,x+byy+cy

9—%1n|v+ 1] +§zn|v—1| = In|X| + C

3

> -2mmfZ+1]+3

Zin |§— 1| = In|X| +C

2]

a; by -1 20 4N .
a, b, —|2 _1|—1 (-4)=-3+#0 [Comment: Case
1
—h+2k—4=0
2h—k+2=0 - Solving 2 eqns and obtainh = 0,k = 2
=X & y=Y+2 > LHS: —x+2y-4 _ —X+2(Y+2)-4 _ -X+2Y
2x—y+2 2X-Y
_ — Ldy _dr
dx=dX & dy=dY 9RHS.d—dX
RHS= LHS ar _ Xy [Comment: Homogeneous
ax 2X-Y
form]
Y = vX eﬂ — —-X+2vX
ax 2X-vX
dY dv -X+2vX
ax +X_ 9v-i_Xd_X_ 2X—vX
dv -X+2vX
>X X ook [Comment: Separable form]
v+6
f6v+28 dv = fdx
dx
> f —14v zdv = X
-3 1 dx . .
i 2o T oW =% [Partial fraction]

[Comment: Back substitutionof Y = vX ]

> ——l | + 1| += ln| | = In|x| + C [Comment: Back substitutionof x =X,y =Y +

—gln |yx;2 + 1| + %ln |yx;2 — 1| = In|x| + C [General implicit solution]




APPENDIX 2.5 OTHER TYPES OF INTEGRATING FACTOR

Condition Integrating factor (IF)
If M(x,y)dx + N(x,y)dy = 0is a homogeneous | [f = 1 Mx + Ny # 0
L Mx+Ny'’
equationinx &y.
If M(x,y)dx + N(x,y)dy = 0 is of the form IF = —2 Mx — Ny # 0
Mx-Ny'

f(xy)ydx + @(xy)dy + N(x,y)dy = 0

If M(x,y)dx+ N(x,y)dy =0 be a differential

OMCxy)/0y—ONCeY)/OX o ¢ nction of x

equation. If
only, i.e. f(x)

IF = eJ r(x)ax

If M(x,y)dx+ N(x,y)dy =0 be a differential
ON(x,y)/0x—0M(x,y)/dy

equation. If is a function of y

only, i.e. f(¥)

IF = e/ Fax

For the equation

x%xP (mydx + nxdy) + x@ xb' (m'ydx +
n'xdy) =0

IF = xhyk, where h & k are such that
a+h+1_b+k+1.

)

m n
a+h+1 b+k+1
m' - n' '

Note: This is for your extra knowledge and other types of integrating factors are not included in this

study.




