FOURIER SERIES EXPANSION & ITS
APPLICATION

WEEK 11: FOURIER SERIES EXPANSION & ITS APPLICATION

11.12 INTRODUCTION

In the previous chapter, we learn how to convert the periodic time signal into Fourier series expression.

f(x) = ay + Y% ,(a, cos nwx + b, sin nwx)

where ag = if_LLf(x) dx;

L
a, = %f_Lf(x) cos nwx dx;

b, = %f_LLf(x) sinnwx dx;
f&x)=f(x+np) for —o<x<0

Comment: Fourier series only works for periodic signal that repeats itself in all the time or within an
infinite time interval. However, in actual engineering practice, we are not able to
measure a periodical signal within an infinite interval, i.e. —c0 < x < oo,

For example, we only able to measure the vibration of a machine due to motor excitation in a finite
interval, i.e. measurements starts from 0 < t < t where 7 is the finite interval as shown in the Figure
11.1. In this case, the measured vibration is a non-periodic signal because it does not repeat itself
within infinite interval.

Thus, we cannot find Fourier series for the measured signal because the compulsory condition of the
periodicsignal, where —co < t < oo isnotvalid in this case. To solve this problem, we need to expand
or extend the finite interval to infinite interval with “Fourier series expansion”.

Vibration . I f(t) = Fysinwt

Motor Force

m T

c \_J[:_I k‘ *®

Measured quantity is a non-periodic signal due to its finite interval

Flexible mount

Vibration, x(t) () # x(t + np)
x x np

Zero Zero

T
Measurement time, t

Figure 11.1: Actual vibration data obtained from measurement has finite measurement time, 7.
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11.2 TYPES OF FOURIER SERIES EXPANSION

Insimple, Fourier series expansion is a technique used to convert a non-periodic signal to periodic signal
through “expansion” technique, so that a non-periodic signal can be written in the Fourier series
expression. This can be done by assuming the signal repeats itself within infinite interval. In this way,
the finite interval can be expanded/ extended to infinite interval.

f®)iswithin0<t<Tt

There are three types of expansion to represent non-periodic signal in the Fourier series expression:

(i)

Full-range Fourier Series Expansion

-also known as Even & Odd functions expansion

f(t) = ag + Yy-1(a, cosnwt + b, sin nwt)

Hint: Both approaches give the same answer, but alternative approach can compute faster. The
derivation of the formula can be found in Appendix 11.1.

4 4
Conventional approach Alternative approach Il/,’ ' L,’ I L,"MJ,’/:L/AL//‘:
@=L fOdr =[5 () dt 2440 &g
, | an= % [5 f(®) cosnot dt | = % Jy £(®) cosnwt dt Pe:i_c;i, p
3 | b= %f_LL f(t) sinnwt dt = %foff(t) sinnwt dt

(ii) Half-range Fourier Cosine Series Expansion i
-also known as Even function expansion \
S )
f(®) = ao + £5-1(ay cosnwt) ANVANAN
A
Conventional approach Alternative approach 2440 N
1 (L 1,7 «—>
1 |a=5 ) f@®adt =-f, f®Odt
— — Period, p
> | an= zf_Lf(t) cosnwt dt | = Zfo f(t) cosnwt dt
Hint: The derivation of the formula can be found in Appendix 11.1.
(iii) Half-range Fourier Sine Series Expansion il
-also known as Odd functions expansion /1l K 4 Al /4|
/
— o i l Av/ ! ! h' ! /ll// l >
f@) = Zn:l(bn sinnwt) ‘12|/’~8 |.;1z |4,ﬁ3 |12, 60
: i O PN S A
Conventional approach Alternative approach >
1 | bn= %f_LLf(t) sinnwt dt = %forf(t) sinnwt dt Period, p

Hint: The derivation of the formula can be found in Appendix 11.1.

Note: Half range series is widely applied because less coefficients are required to be computed.
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Example 1: Find the Fourier Series for the following signal.

fn

4
l
| -
T

O 4 t

Observation:
(i) The f(t) is valid for certain interval 0 < t < 7 only, where the finite interval, T = 4.

(ii) The f(t) is a non-periodic function because f(t) # f(t + np),
wheren = 1,2,3, ... and p = period)

Result:

Fourier series can be applied for periodic signal only using the definition below.
f(t) = ag + Xn-q(a, cosnwt + by, sinnwt)

where ay = if_LLf(t) dt;
a, = %f_LLf(t) cos nwt dt;

b, = %f_LLf(t) sinnwt dt;

f@) =f(t+np) for —o<x<o0

Therefore, it is not applicable in this case (i.e. Fourier series is not applicable for non-periodic
signal).

Example 2: Find the Full Range Fourier Series Expansion for the following signal.
f@

4 f(®) =tiswithin0<t<rt

f

N [

o)

Step 1: Performing the Full Range Expansion (i.e. Even & Odd functions expansion)

_rr:)I

A A 4 A A A

2 I/| , 1oL L/ { ,/I

YA S l,7 .- s |

—_— e
8 2

1 f >
12 -8 -4 Ol g 12 16 !
“«-->
Period, p
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Note: In this approach, the full range of the signal, i.e. 0 < t < 4 is assumed to be repeating itself
within infinite interval (i.e. “expansion”). In this way, the non-periodic signal is converted to
periodic signal, where f(t) = f(t+4n) for —oo <t <o

Step 2: Important Parameter of the Signal

T=4

s
p=4L=2,w=—=

Step 2: Computing the Full Range Fourier Series Expansion (Alternative approach)::

f®) = ag + Yn-1(a, cosnwt + b, sinnwt)
214

4
Whereaozifoff(t) dtzifo tdt =%[%]0 =%(8) =2;

1,7 1 r4 T
an =7 J, f(O) cosnwt dt == ["tcosn-tdt;

Integration by part: Let u = t; dv = cos ngt dt
sin(ngt) * 4sin(n§t)
a, = f,'(—ng — fO —=2dt
0

cos(2nm) 1
(ng)z B ( n)2 N Hint: cos(2nm) =1

"

= (

, 4, .
bn=%forf(t)smna)tdt =%f0 tsmngtdt;

T
Integration by part:Letu = t;dv = sinnzt dt

. 4
oy _[ om0
T2 nz (ng)z Hint:sin(2nm) = 0
0

_1{—8 }_—4
_2 ntm _nn'
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Step 3: Final Solution

[ee]

~ft)=2- Z (0 +;—:sinna)t)

=1
HanZe+ Lot s Lsin e s
- SlTlZ 2Sl?’I.T[ 3sm 2

=2—

f(t) isvalidonly for0 <t <4

Extra info: It is not recommended to use the conventional approach to determine the Fourier series
expansion as alternative approach can compute it much faster than the conventional approach. This
is illustrated in the example below:

Step 2: Computing the Full Range Fourier Series Expansion (Conventional approach):
f(t) = ag + Xn-1(a, cosnwt + by, sinnwt)

whereao = —[", f(t) dt == [%, f(t)dt
2 0 242
= 2(J2,t + Hdt + [ edt) = %([% tar| o+ [%]0) ~le+@)=2

1 L 1,2 T
a, = zf_Lf(t) cosnwt dt = Ef_zf(t) cosntdt;
= %(f_oz(t + 4) cos n%tdt + fOZ tcosn%tdt)
= ---two integration by part are not shown here for simplification ..,

2 . 2 . 2 2
= Esm(nn) — Esm(—nrr) + mcos(nn) — mcos(—nn);

4 .
= Esm(nn),
=0;

Hint: sin(nm) =0

b, = %f_LLf(t) sinnowtdt = %f_zzf(t) sin ngtdt;
= %(f_oz(t +4)sinnZtdt+ [} tsinn’tdt)
=...two integration by part are not shown here for simplification ...;
= icos(—nn) - icos(nﬂ) + Lsin(nn) — Lsin(—nn) S
nm nm n2m?2 n2m?2 nn'
= isin(mT) -4
T n2m2 nm

nm

Step 3: Final Solution
~f)=2-374 (0 + ;—;sinnwt)
=2 - i(sinzt +lsin7rt 4+ lsing—ﬂt + )
T 2 2 3 2

f(t) isvalidonly for0 <t <4

Comment: Produce the same answer like the previous answer but the steps are longer.
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Example 3: Find the Half Range Fourier Cosine Series Expansion for the signal.
f0

& f@t) =tiswithin0<t<rt

-
i

B o

)

Step 1: Performing the Half Range Cosine Series Expansion (i.e. Even function expansion)

& )
A ]
‘." : ; >

-12 $ 40 4 N f
<+-->
Period, p

Note: In this approach, the half range of the signal, i.e. 0 < t < 4 and half range of its mirror are
assumed to be repeating itself within infinite interval (i.e. “expansion”). In this way, the non-
periodic signal is converted to periodic signal, where f(t) = f(t+8n) for —o<t<o

Step 2: Important Parameter of the Signal

T=4

p=8L=4w=—=

Step 2: Computing the Half Range Cosine Series Expansion (Alternative approach)::
f@®) = ao + Xy=1(ay cosnwt)

1,7 1 4 ezt 1
Wher€a0=zf0f(t)dt=zf0tdt=z[7]0=z(8)=2;
an=%forf(t)cosnwt dt:%f:tcosn%tdt;

Integration by part:Let u = t; dv = cos n%t dt

. :i{[ sin(nZ t)l f“mn ) }
bl

8

= W{(—l)” -1}

Hint: sin(nm) = 0
cos(nm) = {_1 oddn _ =nr

1 evenn
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Step 3: Final Solution

/8
“f() =2+ Z (W{(—l)” — 1} cos nwt)
n=
_2+8<2 rrt 2 37‘[t 2 5nt )
= F COSZ §COST gCOS 4

f(t) isvalid only for0 <t <4

Example 4: Find the Half Range Fourier Sine Series Expansion for the signal.

& f(t) =tiswithin0<t<rt

~4e00 % 2 g0
A v/ v
“--->

Period, p

Note: In this approach, the half range of the signal,i.e. 0 < t < 4 and half range of its upside down
mirror are assumed to be repeating itself within infinite interval (i.e. “expansion”). In this way, the
non-periodic signal is converted to periodic signal, where f(t) = f(t+8n) for —oo <t < co.

Step 2: Important Parameter of the Signal

T=4

p=8L=4w=—=
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Step 2: Computing the Half Range Sine Series Expansion (Alternative approach)::
f(@®) = Xn=1(by sinnwt)

2 . 2 r4 .
where b,, = Zfoff(t) sinnowtdt = Zfo tsmn%tdt;
Integration by part:Letu = t;dv = sinn%t dt

=1 ﬂt(_w.;(;gt)l ~ f4_cos(n;_ft) dt}
0

N R

—sin(nzt) *
21*4(_6031(171”)_0)_[( ; l

R o2 ),

=215 -9
4

=2 {(_1);1} = %K‘Dnﬂ} cos(nm) = {_1 oddn

s 1 evenn

Hint:sin(nm) =0

Step 3: Final Solution

A f() = i (%{(—1)”+1}sinnwt)

=1
_n8< om, loom 1 3m )
_T[ Sln4 2517’14 3517'1 2

f(t) isvalidonly for0 <t <4

= (="
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Example 5:

Given f(x) to be the shape of a distorted violin string for 0 < x < length, L, where

fG) | Zx 0<x<:
fO) =194 L
—(L-x), -<x<L
L 2
0 L x
(i) Find the even periodic extension/ expansion (also known as Half-Range Fourier Cosine

Series expansion) to represent the deflected shape of the violin string.

Step 1: Performing the Half Range Cosine Series Expansion (i.e. Even functions
expansion)

Period, p

Note: In this approach, the half range of the signal, i.e. 0 < x < Length, L and half
range of its mirror are assumed to be repeating itself within infinite interval (i.e.
“expansion”). In this way, the non-periodic signal is converted to periodic signal, where
f(x) = f(x+ (2xLength,L)n) for 0o <t < oo

Step 2: Important Parameter of the Signal

T = Length, L

2w
p = 2 x Length, L, Half of Period,L = Length,L,w = ? =7

Step 2: Computing the Half Range Cosine Series Expansion (Alternative approach):

f(t) =ag+ Z(an cosnwt)
n=1

where a, = lforf(t) dt = [fZ xdx + fL —(L —x)dx]

1[ 2 dx +f —(L—x)dx]
_%[ka] + ZR(L __)]]
-l meos- (2 0)

+E=
4
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=3fo(t)cosnwt dt

(fz—xcosn xdx+fLﬁ(L—x)cosn xdx)

Integration by part: Let u = x; dv = cos n%x dx

X COSTlEx dx =uv — | vdu = x M _ Sin(nfx) dx
L

L

L
4k [ > b8 L 13 L T
a, =—|([2xcosn=xdx +L |t cosn—xdx—ﬁ x cosn—xdx
noz\Jo L 5 = L

L
CcoS nEx E sin n—x
/[%sin (n%x) + —(HLZ )l I l
_ ﬁi (”Z) 0 E

_LZ

nrm

—
|
|><
2
S
—~
S
=13
=
~—~
+
|3
ENIEEN
3 3
><
N—
I_I
=
\__

_ (% sin (n3) + cOs(ng) 1 ) Ll (sin(:ﬂ) B sin(:5)> )

n— le

_ 4k <2cos(n§) _cos(nm) 1 )
- T 2 T 2
D (D)

= (:7;2 (Zcos (n g) — cos(nm) — 1)

Step 3: Final Solution

f(@) = g + XY (% (2(:05 (n g) — cos(nm) — 1) cosn%x)

_k 4k

((2)2( 4)C052 x+—(— 4)0056 x+

(m)? (6)2
(10)2 (—=4) cos 10 x+- )
:S—(ls;( cos 2— x+—cos6 x+—cole X+ - )

f(t) isvalidonly for0 <t <L




(ii)

Find the odd periodic extension/ expansion (also known as Half-Range Fourier Sine
Series expansion) to represent the shape.

Step 1: Performing the Half Range Sine Series Expansion (i.e. Odd functions
expansion)

Note: In this approach, the half range of the signal, i.e. 0 < x < Length, L and half
range of its upside down mirror are assumed to be repeating itself within infinite
interval. In this way, the non-periodic signal is converted to periodic signal, where
f(x) = f(x+ (2xLength,L)n) for 0o <t < oo

Step 2: Important Parameter of the Signal

T = Length, L

2w
p = 2 x Length, L, Half of Period,L = Length,L,w = ? =7

Step 2: Computing the Half Range Sine Series Expansion (Alternative approach)::

£(0) = Z(bn sinnwt)
n=1

where b, = %forf(t) sinnwt dt

L
2 ( 52k , T L2k , T
=2([2= Txdx+ [ =(L - z ;
L(fo X sinn—-xdx % — ( x)sanxdx),

Integration by part: Let u = x;dv = sin n%x dx

) el

. T
fxsmn—xdx=uv—fvdu=x( 7
L T

=~

sin (nzx)
L

(%)

XL T
= ——c(oSs (n—x) +
nm L

(fzxsmn xdx+LfL sinn— xdx—fL x sinn— xdx)

[_ws i ] \

L
2

([_%COS (n%x) +%

\ B [_ L cos (nZx) + (())] /
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= (— %cos (n g) + Sin(ng)

—cos(nm) = “Cos(ng) .
)“( T )

Step 3: Final Solution
o0 8k . ,
S f() =X (W (sm (n %)) sin n%x)
8

k . T 1 . T 1
(sm—x ——sm3;x + —=

. T
T )2 L ()2 (S)ZSlnSZx—...)

f(t)isvalidonly for0 <t <L

11.3 APPLICATION OF FOURIER SERIES EXPANSION #1: SOLVE PDE PROBLEM

Prior to Fourier's work, no solution to the PDE problem such as heat equation was known in the
general case. For example:

The PDE solution, u(x, t) of the heat conduction of
0 _ o
axz ~ at’
is remained unsolvable, where
for boundary conditions of u(O, t) =0, u(L, t) =0
PDE solution is given:

nm 2
uCet) = £y e (0 (B, i) )
where B3 ,, is unknown

Assume the initial condition is given, u(x, 0) = f(x) for0 < x < L. The unknown coefficients can
be obtained through the Fourier Series Expansion.

u(x, 0) =f(x) =Xv, (Bg,nsin(%x) ) = Half range Fourier Sine Series

2 T . _m _
where B3 , = Zfo fO) sinnwxdx &w = &t=L

Note: Detail discussion and calculation will be made in the next PDE chapter.

4t




