SOLVING GENERAL SOLUTION OF
PARTIAL DIFFERENTIAL EQUATION (PDE)

WEEK 12: SOLVING GENERAL SOLUTION OF PARTIAL DIFFERENTIAL EQUATION (PDE)

12.1 GENERAL SOLUTION & PARTICULAR SOLUTION OF PDE

In the differential equation chapter, you have learned how to differentiate between ODE and PDE and
how to classify them in terms of the order, linearity, and homogeneity. In simple, PDE is an equation
that involves partial derivatives (i.e. d symbol). Recall that a linear PDE is homogeneous if each of its
terms contains either u or one of its partial derivatives on LHS while RHS=0. Otherwise, it is a non-
homogeneous PDE. In this study, we will only focus on solving the 2" order linear homogeneous PDE
problem with constant coefficients.

The general equation is given below:

A—2+Ba—u+C—+D +E +Fu—0 , Where A — F are constants.
ox dxdt ot?

(i) The general PDE solution, i.e. u(x, t) in terms of unknown coefficients can be obtained by using
separable of variable method.

For example: Ugopq (X, 1) = Ypeq Az cos(nmt) (sin(nmx) )

(i) The particular PDE solution, i.e. u(x,t) in terms of known coefficients can be obtained by

applying all the initial & boundary conditions, as well as the Fourier series expansion method.
2nmsinnm+4cosnm—4

For example: Upprq (X, 1) = Yo, — cos(nmt)(sin(nmx) )

n3m3

Notation of PDE:
Note that— #u' for qt u’ for PDE as it has more than 1 possibility. For example, 1’ can be — or

a—whlle u'' can be — o%u 62 ,or ou
ot ax2 ’ axot ’ ot?’

Thus, instead of writing u’ or u”’ for PDE, there is another alternative.

(i) Derivative and second derivative of u(x, t) with respect to t

U = i{u(x )}, Uy = i{u(x t)}

t ™ ot ’ 1Tt T g2 ’
(ii) Derivative and second derivative of u(x, t) with respect to x
9 Nk

Uy = a{u(x, t)} » Uxx = ﬁ{u(x; t)}

(iii) Derivative of u(x, t) with respect to t and x
62
Uty OT Uyt = @{u(x, t)}

Thus, we can rewrite and simplify the previous PDE using this notation:

Auy, + Buyy + Cuyy + Duy + Eupy + Fu = 0, where A — F are constants.



12.2 CATEGORIES OF 2"? ORDER LINEAR HOMOGENEOUS PDE

Based on the B? — 4AC, the PDE can be categorized into 3 types:

Characteristic:
Steady state/ Time invariant

Category Example Application
Elliptic PDE Laplace equation To find the stable temperature distribution of
igl i 62_121 =0 > u(xy)=? a heated/cooled 2D plate
B2 —4AC <0 |9x* oy g it h)=10 e

11 g

Hot Cool T

Cool u0y)=0

u(x,0)=0

Parabolic PDE

—4AC =0

Heat conduction equation / Heat
equation

0%°u  du

gu_ou =7
3ax2 o 2 u(x,t) =7
Characteristic:
Time variant, non-oscillating

To find the temperature of a heated/cooled 1D
rod that changes over time without oscillation

Hot Cool

Unknown varies in both space and time

N
A ——

7
=0

X

Hyperbolic PDE

—4AC >0

Wave equation
9%u  9%u

— = =?
Pty 2> u(x,t) =7
Characteristic:

Time variant, oscillating

To find the vibration of a string that changes
over time with oscillation

ADNUTY

*ﬁﬁﬁf—ﬁ
& I e w—

(a)i= Ummﬂ <Inp (t)! 0.7 (e)i=16

g . . . . . .
Note: 3= Time variant (change with time) or transient behavior

Time invariant means that the physical quantity will not change with time or steady state behavior

Description

Elliptic PDE Equation

Strategy to solve

One-dimensional
equation

Laplace | 9%u _ 0
0x2

Integration, Solve PDE like ODE,
Reduction of Order (Out of the
scope — Appendix 12 for extra
info)

Two-dimensional
equation

2 2
Laplace 6_u+ o%u _ 0

Separation of variables method
(Focus)

Three-dimensional
equation

Laplace | 9% , 9% 9% _

u(x,y, z) =?

Separation of variables method
can be applied to 3D cases,
however these 2 cases (Out of
the scope)




Description Parabolic PDE Equation Strategy to Solve
One-dimensional heat | 1 9u _ 9%u Separation of variables method
equation c20t  Ox? (Focus)
u(x, t) =7
Two-dimensional heat | 1 ou _ 9%u n *u Separation of variables method
equation ¢*8t  8x* " dy* can be applied to 2D and 3D
u(x,y, t) =2 cases, however these 2 cases
(out of the scope)
Three-dimensional heat | 1 0u _ 9%u , 2%u  9%u
equation c29t 0x2  0y? @ 0z2
u(x,y, z,t) =?
Description Hyperbolic PDE Equation Strategy to solve
One-dimensional wave | 1 0%u _ 9%u Separation of variables method
equation c? ot 0x? (Focus)
u(x, t) =?
Two-dimensional wave | 1 9%u _ 9%u n *u Separation of variables method
equation c2ot?  0x*  oy* can be applied to 2D and 3D
u(x,y, t) =? cases, however these 2 cases
out of the scope
Three-dimensional wave | 1 0%u _ 9%*u  0%u  9%u ( pe)
c? ot2 dx%2 = 0y? = 0z2

equation

u(x,y,z,t) =?

Note that solving non-homogeneous PDE problem is out of scope in this study.

For example: The non-zero RHS function, f(x,y) or f(x,t) # 0

Description

Non-Homogeneous Elliptic PDE Equation

Two-dimensional Poisson equation with heat

source/sink

9%u | 0%u
ez T = f(0Y)

Description

Non-Homogeneous Parabolic PDE Equation

One-dimensional heat equation with heating

element

%u
.~ o= =ft)

Description

Non-Homogeneous Hyperbolic PDE Equation

One-dimensional wave equation with forcing

function

0%u
— CZ@ = f(x,t)




12.3 SEPARATION OF VARIABLE METHOD

For the 2" order linear homogeneous PDE problem with constant coefficients:

A82u+382u+cazu P g pi=o
0x? 0xdy dy? ox dy =

We assume that our solution to be:

u(x,y) = X(x)Y ()
N
can be separated into x function and y function respectively
Differentiate it,
9%u 6 X(x) "y 3 _ 3 Y(Y) _ ", 9%u _ 90X (x) 0Y (y) _ viy!
ﬁ_ 0x? Y()_X B__X(x) ay2 "9xdy  9x dy = XY

AX"Y + BX'Y' + CXY" + DX'Y + EXY' + FXY = 0
Y(AX" + DX’ + FX) +Y'(BX' + EX) + Y"'(CX) = 0

If the PDE can be simplifiedto C = 0; B& E = 0;0or A,D & F = 0. The problem can be simplified to
a separable differential equation. For example,

o IfC=0 > Y(AX" + DX'+ FX)+Y'(BX'+ EX) =0
Rearrange the equation, we get the separation of variable result:

Y _ —(AX"+DX'+FX) _ A
Yy (BX'+EX) -

By assuming it is equal to a separation constant of —A, we success to convert it into 2 ODE equations.

.—(ax"+DX'+FX) _
ODE #2: — GrER) A

(AX" + DX’ + FX) = (\BX' + AEX)
(ADX"+ (D —-AB)X'+(F—AE)X=0

ODE#1:Y7=—)\
Y +AY =0

Hint: Based on experience, separation constant of —A can solve the problem easier. In fact, let
separation constant of A can also solve the problem with same answer but longer procedure.

The separation constant, A may be (i) zero, (ii) negative or (iii) positive. We can get three PDE solutions
from these 3 cases.

Case #1 (A=0)

Case#2 (\=—a?),a >0

Case #3 (\=+ a?),a >0

Y'=0
i(y) =?

Y —a?Y =0
Y,() =?

Y +a?Y =0
Y;(y) =?

AX" + DX' + FX
=0
Xl(x) =?

AX" + (D + a?B)X' + (F + a’E)X

=0
X,(x) =?

AX" + (D — a?B)X' + (F — a’E)X

=0
X3(x) =?

u; = X, ()Y (y)

U, = X, ()Y, (y)

uz = X;(0)Y3(y)

Total PDE solution can be obtained by superposition principle:

u(x,y) = cyuq + c Uy + c3ug




Recall for the 2" order linear homogeneous ODE:
aX"+bX'+cX=0
Assume solution, X = e™ , Let r =root

Characteristic equation: ar? + br + ¢ = 0

—b+Vb2—4ac

” (Note: you get 2 roots for 2" order ODE)

Root of the characteristic equation, r =

Total solution can be obtained by
superposition principle without
treatment:

Xeotar = €1€™% + cpe™*

If ; # r, for case of distinct roots or
complex conjugate roots
X1 = e"* ,X2 = e"2%
where X; & X, are linearly independent

fr, = r, for case of repeated roots

d
::)(:(I:'ler 2" X1 = "X ;XZ = eT2X = phX
ODE where X; & X, are linearly dependent

Total solution can be obtained by
Treatment must be done by multiplying | superposition principle with treatment:

with the independent variable Xtotar = C1€™% + cyxe™*
X1 =e"" ;X3 trear = x€"%* = xe"¥

where  X; & X; treqr are linearly

independent

Note that the same method can be used to solve 1st order linear homogeneous ODE:
bX'+cX =0
Assume solution, X = e™ , Let r =root

Characteristic equation: br + ¢ =0

Root of the characteristic equation, r = _?C (Note: you get 1 root for 15t order ODE)

Total solution can be obtained by
X, =e"¥ superposition principle:
Xtotar = C1€

For 1t
order
ODE

X




Example: Solve the general solution of PDE below by using the separation of variable method

9%u _ . du
axz T ay

« Step 1: Using separation of variable method: Let u(x,y) = X(x)Y(y)

X"Y = 4XY'

* Step 2: Obtain 2 ODE equations
XII B YI B
4X Y

(Hint: Calculation is easier with the coefficient = 1 for the numerator components)
Y'+AY =0 --- (ODE#1)
X" 4+ 4\X = 0 --- (ODE #2)
* Step 3: 3 cases of A

3.1 Case #1 (A=0)

Y' =0 X"=0

Let r =root

Characteristic equation: r¢2 =0,

Repeated root case, r; =1, =0

2 X(x) = cpe™* +cq x e’2*
treament

Let r =root
Characteristic equation: r = 0

oo Y(y) = Clery = Cl

X(x) =c; +c3x

PDE solution in Case 1:
~up = X100V (y) = (¢ + c3x)(¢y) = Ayx + B, where A,, B; =constant

3.2Case#2 (A=—a?),a >0

Y —a?Y =0 X" —4a’X=0
Let r =root Let r =root
Characteristic equation: v — a? = 0 Characteristic equation: 12 —4a% =0
, = o’ r = +/4a?
“Y() =ce®? Distinct root case: r; = +2a, 1, = —2«
a2 X(x) = cge?™™ + cge 2

PDE solution in Case 2:
sy =X)L (y) = (Csezax + Cee_zax)(%eazy)
u, = e*Y (4,e2%* + B,e~2%%) where A,, B, =constant




3.3Case#3(A=4+a%),a>0

Y +a?Y =0 X" +4a?X =0
Let r =root Let r =root
Characteristic equation: T+ a? = 0 Characteristic equation: 12+ 4a% =0
o= —a’ r = ++/—4a?
2Y(@)=ce Y Complex conjugate root case:
r = +2ai, r, = —2ai
X(x) — CseZaxi + Cge—Zaxi

PDE solution in Case #3:
. _ . _ 2
ety = K () = (cge 2 + e 2050) (e )
Uz = e~ (Ase2%*! + Bye™2%%1) where A3, Bs =constant

e Step 4: Using superposition principle to find the general PDE solution

u(x,y) = A;x+B; + e’V (A,e?%* + B, 20%) 4 g~y (A3ez‘m + B3e_2“xi)
—_—

Case 1 solution Case 2 solution Case 3 solution

12.4 EXPRESSION OF PDE SOLUTION IN TERMS OF COS/SINE OR COSH/SINH

Previously in ODE chapter, we have learned that the exponential of complex conjugate roots can be
expressed in terms of cos and sin via Euler formula.

(Aze?**! + Bye™2%) = (Cycos(2ax) + Dssin(2ax))

Similarly, exponential of distinct real roots can be expressed in terms of cosh and sinh via Euler
formula. These two expressions are useful to find the particular solution for the PDE later.

(A,e?* + B,e~2%%) = (C,cosh(2ax) + D,sinh(2ax))

Derivation by using Euler Formula is given below:

A362(xxi + Bge—Zaxi AZethx + Bze—thx
Since e'? = cosO + isind, we get Since e? = cosh@ + sinh6 , we get
s As (cos(Zax) + isin(Zax)) ~ A, (cosh(Zax) + sinh(Zax))
+B3(cos(—2ax) + isin(—Zax)) +B, (cosh(—Zax) + sinh(—Zax))
Since cos(—0) = cosH, sin(—0) = —sinb Since cos h(—80) = cosh#@, sinh(—0) = —sinh6
s As (cos(Zax) + isin(Zax)) ~ A, (cosh(Zcxx) + sinh(Zax))
+B3(cos(2ax) — isin(Zax)) +Bz(cosh(2ax) — sinh(Zax))
Rearrange, Rearrange,
~ cos(2ax)(A; + B3) ~ cosh(2ax)(A, + By)
+sin(2ox)(iAz — iB3) +sinh(2ax)(A, — B,)
~ C3cos(2ax) + D3sin(2ox) ~ Cycosh(2ax) + D,sinh(2ax)
where C3 = A3 + B3,' D3 = lA3 - lB3 where Cz = AZ + Bz,' DZ = A2 - Bz

Thus, the previous PDE solution can be expressed in the cos/sine & cosh/sinh formats:

u(x,y)= Ax+B; + e’y (Cycosh(2ax) + D,sinh(2ax)) + e’y (C3cos(2ax) + Dysin(2ax))

Case 1 solution Case 2 solution Case 3 solution




Important Characteristics of Sine, Cosine, Hyperbolic Sine & Hyperbolic Cosine:

Sine, Cosine, Hyperbolic Sine, Hyperbolic Cosine,
sin(x) cos(x) sinh(x) cosh(x)
L y=sinhx y=coshx
== sim] i 15 Period: i ¥ ¥
Y 1 7 2w | 6 6 /
VAR . : . ;
A i :
o\ 3 1 PN 7 f ]4KW1K\T}!" \f/ ™ \1.7 a \ . T x 3
A » Y 5 { -3 -2 =1 1 2 3
\ | - )
2 -4 e N
sin(0)=0 cos(0)=1 sinh(0)=0 cosh(0)=1
0Odd function Even function Odd function Even function
sin(-x)=-sin(x) cos(-x)=cos(x) sinh(-x)=-sinh(x) cosh(-x)=cosh(x)
L sin(e) = L cos(x) = —si L sinh(x) = cosh L cosh(x) = sinh
2y Sin(x) = cos(x) gy 05t = sin(x) 7 Sinh(x) = cos %) 7 COsh(x) = sin (%)
sin(nm) =0 T\ sinh(0) = 0 only whenx = 0 cosh(x) # 0 for any x
where n = integer cos { (2n - 1)5 =0 sinh(x) > 0forx >0 cosh(x) > 0 for any x
where n = integer

12.5 INITIAL/ BOUNDARY CONDITION OF PDE PROBLEM

. . a2 g . . .
Previously, we solve the following PDE: 22 = 4% and obtain the general solution with a lot of

0x?2
unknowns (A4, By, 4,, By, A3, B3). By using initial or/and boundary conditions of the problem, we can
continue to solve those unknowns and obtain the particular solution of the PDE.

Thus, it is important to formulate the initial/ boundary condition from a given problem. The three
conditions that are found to occur most regularly are

Cauchy conditions Dirichlet conditions Neumann conditions

u given on du

. . iven on C
given on C on £

du
u and =

an
Note: A boundary C is said to be closed if conditions are specified on the whole of it, or open if

conditions are only specified on part of it. Naming of the type of conditions is out of scope, it is
sufficient as long as student is able to formulate the equations for the initial/ boundary conditions.

Example of formulating the initial/ boundary condition from Elliptic PDE, Parabolic PDE, and
Hyperbolic PDE are given below:

i Elliptic PDE: Set up the boundary value problem for the steady-state temperature u(x, y) for a
thin rectangular plate coincides with the region defined by 0< x<4,0<y<2.The left end and
the bottom of the plate are insulated. The top of the plate is held at temperature zero, and the

right end of the plate is held at temperature f(y). The PDE that governs the problem is given:
2%u . 9%u

2D Laplace Equation 2 + 2 = 0.



Solution: Stable temperature distribution of 2D plate, u(x,y)

The corresponding region and boundary conditions in | Dirchlet condition for the top and
the (x,y) plane for a steady state heated rectangular | right end:
plate. u(x,2)=0, 0<x<4
u(4,y)=f», 0<y<2
VA
=10 . Neumann condition for the bottom
D= =1¢ and left end:
__; Dirichlet condition E du(x,0) _du —0,0<x<4
il B = _ ou(0,y) odu
— =1} = D= == =
) : g fly) % " axley 0,0<y<2
;' Neumann condition &
A > I;-
2L _p '
gy
Note: The heat flux can’t flow in the x-direction, g,, = 0 if there is insulation on the left end. Since
q, = —k ou = 0, thus ou = 0 indicates insulation on left end which blocks
9x Oxlx=0

Temperature gradient
the heat flux to flow in the x-direction.

Parabolic PDE: A rod of length L coincides with the interval [0, L] on the x-axis. Set up the
boundary value problem for the temperature u(x, t) when the left end is held at temperature zero,
and the right end is insulated. The initial temperature is f(x) throughout. The PDE that governs

d 9?2 -
22 = ¢222 Where ¢ = constant. Formulate the initial/

the problem is given: 1D Heat Equation 5 = € ez

boundary condition.

Solution: Temperature of the 1D bar that changes over time, u(x, t)
The corresponding region and boundary
conditions in the (x,t) plane for a | Dirchlet condition for the left end:

heated/cooled bar u(O, t) =0,t>0
=0 | duidx =0 Dirchlet condition for the initial temperature:
r=0 v=1 u(x, 0) — f(x)
@ ouxt) _oul Lot 0<x<lL
tA dx 0x |y
c bar is not insulated
ve0 : § du_, Neumann condition for the right end:
5 1 (L, t) oull,t) _ou 0,t>0
E w(Lt)=——2=—| =0,
A Dirichlet condition > x dx 0x x=L

O u = f(x) given ) v




Hyperbolic PDE: A string of length L coincides with interval [0, L] on the x-axis. Set up the boundary
value problem for the displacement u(x, t) when the ends are secured to the x-axis. The string is

released from rest from the initial displacement x(L — x). The PDE that governs the problem is

. . 92 92 L
given: 1D Wave Equation a—tt; = cza—;; where ¢ = constant. Formulate the initial/ boundary

condition.

Solution: Vibration of the 1D string over time, u(x, t)

The corresponding region and boundary | Dirchlet condition for the fixed end:

conditions in the (xt) plane for a u(0,t)=0
vibrating string u(L, t) =0 t>0
¥=0 < __ . — x=l Cauchy condition for initial displacement/velocity:
u(x, 0) = x(L —x)
ou(x,0) _ou 0<x<L

! A ot at|t=0

=10 u=10

Dirichlet condition

Dirichlet condition

Cauchy condition

" |

0 u, duldt given i




