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LAPLACE TRANSFORM  
WEEK 8: LAPLACE TRANSFORM 

8.1 INTRODUCTION 

Laplace transforms are invaluable for any engineer’s mathematical toolbox as they make solving 
linear ODEs and related initial value problems, as well as systems of linear ODEs, much easier. The 
key motivation for learning about Laplace transforms is that the process of solving an ODE is 
simplified to an algebraic problem (and transformations). Applications abound: electrical networks, 
springs, mixing problems, signal processing, and other areas of engineering and physics. 

8.2 DEFINITION 

Laplace transform of a function f(t) is defined as 

𝐹(𝑠) = ℒ{𝑓(𝑡)} = + 𝑓(𝑡)𝑒!"#
$

%

𝑑𝑡 

Laplace transform is called an integral transform because it transforms (changes) a function in one 
space to a function in another space by a process of integration that involves a kernel, 𝑘(𝑠, 𝑡) = 	 𝑒!"#. 

𝐹(𝑠) = + 𝑘(𝑠, 𝑡)𝑓(𝑡)	
$

%

𝑑𝑡 

One can imagine 𝑓(𝑡) to be a function in the time domain (𝑡). By performing Laplace transform, one 
can transform the time domain function to the frequency doman  𝐹(𝑠) to be in frequency domain 
(𝑠).  

The purpose of doing that is because it is easier to solve integrals and ordinary differential equations 
with constant coefficients in the frequency domain than it is in the time domain. Once solved (easily) 
in the frequency domain, one needs to revert it back to the time domain (using inverse Laplace 
transform) to obtain the solution. This will be topic to cover in Week 9, but before doing so, one needs 
to be familiar with the mechanics of forward and inverse Laplace transform. 

Transforming f(t) to a causal function: 

 

Note that since the limit of the above integral begins at t = 0, the behavior of the function 𝑓(𝑡) at t < 
0 is ignored. This is so-called causal function (where 𝑓(𝑡) = 0 at  any value 𝑡 < 0). In other words, we 
only deal with real time, 𝑡 ≥ 0. 

 

! " 	$(")

Causal function



Example  8.1: 

1. Let 𝑓(𝑡) = 1 when t ≥ 0. Find 𝐹(𝑠). 
Solution: 

𝐹(𝑠) 	= 	ℒ(1)  

= ∫ 1 ∙ 𝑒!"#$
% 𝑑𝑡  

= − &
"
𝑒!"#8

%

$
  

= &
"
  

 

2. Let 𝑓(𝑡) = 𝑒'#  when t ≥ 0, where a is a constant. Find ℒ{𝑓(𝑡)}. 
Solution: 

ℒ(𝑒'#) = ∫ 𝑒'# ∙ 𝑒!"#$
% 𝑑𝑡  

= − &
"!'

𝑒!("!')#8
%

$
  

= &
"!'

   

 

8.3 LINEARITY 

For any functions 𝑓(𝑡) and 𝑔(𝑡) whose transforms exist and any constants 𝑎 and 𝑏, the transform of 
𝑎𝑓(𝑡) 	+ 	𝑏𝑔(𝑡) is given by 

ℒ{𝑎𝑓(𝑡) + 𝑏𝑔(𝑡)} = 𝑎ℒ{𝑓(𝑡)} + 𝑏ℒ{𝑔(𝑡)} 
Proof: 
ℒ{𝑎𝑓(𝑡) + 𝑏𝑔(𝑡)} = ∫ 𝑒!"#=𝑎𝑓(𝑡) + 𝑏𝑔(𝑡)>$

% 𝑑𝑡   

= 𝑎 ∫ 𝑒!"#𝑓(𝑡)$
% 𝑑𝑡 + 𝑏 ∫ 𝑒!"#𝑔(𝑡)$

% 𝑑𝑡  

= 𝑎ℒ{𝑓(𝑡)} + 𝑏ℒ{𝑔(𝑡)}  

Example 8.2: 
 
1. Find the Lapalce transforms of cosh(𝑎𝑡) and sinh(𝑎𝑡). 
 

Solution: 

ℒ{cosh(𝑎𝑡)} = ℒ E*
!"+*#!"

,
F  

= &
,
ℒ(𝑒'#) + &

,
ℒ(𝑒!'#)  

= &
,
E &
"!'

+ &
"+'

F  

= "
"$!'$

  



ℒ{sinh(𝑎𝑡)} = ℒ E*
!"!*#!"

,
F  

= &
,
ℒ(𝑒'#) − &

,
ℒ(𝑒!'#)  

= &
,
E &
"!'

− &
"+'

F  

= '
"$!'$

  



8.3.1 LAPLACE TRANSFORM PAIRS 

 

Exercise 

Based on the Laplace transform pairs, compute the Laplace transform of the following functions, 𝑓(𝑡): 

(i) 4   Ans: !
"
 

(ii) 10 t6  Ans: #$%%
"!

 

(iii) 20 sin 5𝑡 Ans: &%%
""'$(

 

(iv) 7 cos(#
,
) Ans: $)"

!""'&
 

(v) 2 sin, 6𝑡 Ans: &
"
− "

""'&!!
 

 

8.4 INVERSE TRANSFORM 

If 𝐹(𝑠) represents the Laplace transform of a function 𝑓(𝑡), that is, ℒ{𝑓(𝑡)} = 𝐹(𝑠), we say 𝑓(𝑡) is the 
inverse Laplace transform of 𝐹(𝑠). 

The inverse Laplace transform is denoted as 

𝑓(𝑡) = ℒ!&{𝐹(𝑠)} 

Note: ℒ!&{ℒ(𝑓(𝑡))} = 𝑓(𝑡) and ℒ{ℒ!&(𝐹(𝑠))} = 𝐹(𝑠)  

In determining the inverse Laplace transform, some manipulations must be done to get 𝐹(𝑠) into a 
form suitable for the direct use of the Laplace transform table. 



Example 8.3: 

Evaluate (a) ℒ!& E &
"%
F (b) ℒ!& E &

"$+-
F  (c) ℒ!& E!,"+.

"$+/
F . 

Solution: 

(a) ℒ!& E &
"%
F = &

/!
ℒ!& E/!

"%
F = &

,/
𝑡/ 

(b) ℒ!& E &
"$+-

F = &
√-
ℒ!& E √-

"$+-
F = &

√-
sin √7𝑡  

(c) ℒ!& E!,"+.
"$+/

F = ℒ!& E !,"
"$+/

+ .
"$+/

F = −2ℒ!& E "
"$+/

F + .
,
ℒ!& E ,

"$+/
F = −2 cos 2𝑡 + 3 sin 2𝑡  

 

8.5 PARTIAL FRACTION 

The solution 𝐹(𝑠) usually comes out as a general form of 

𝐹(𝑠) =
𝑃(𝑠)
𝑄(𝑠)

= 𝑆(𝑠) +
𝑅(𝑠)
𝑄(𝑠)

=
𝑎2𝑠2 + 𝑎2!&𝑠2!& +⋯+ 𝑎&𝑠 + 𝑎%
𝑏3𝑠3 + 𝑏3!&𝑠3!& +⋯+ 𝑏&𝑠 + 𝑏%

 

where 𝑃(𝑠) and 𝑅(𝑠) are the numerators and 𝑄(𝑠) is the denominator. 

A proper rational function of 𝐹(𝑠) should be expanded as a sum of partial fraction before its inverse 
Laplace transform can be found. 

Depending on the roots of 𝑄(𝑠) we have fraction expansion in the form: 

Denominator 𝑸(𝒔) Example of 𝑭(𝒔) Partial fraction expansion 

1. Distinct & real roots 

𝑄(𝑠) = (𝑎&𝑠 + 𝑏&)(𝑎'𝑠 + 𝑏')…	(𝑎(𝑠 + 𝑏()  

96𝑠
𝑠(𝑠 + 8)(𝑠 + 6) 

𝐴
𝑠 +

𝐵
𝑠 + 8 +

𝐶
𝑠 + 6 

2. Repeated & real roots 

𝑄(𝑠) = (𝑎&𝑠 + 𝑏&))   

𝑠 + 30
(𝑠 + 3)$ 

𝐴
(𝑠 + 3)$ +

𝐵
𝑠 + 3 

3. Distinct irreducible quadratic factors 

𝑄(𝑠) = 𝑎𝑠' + 𝑏𝑠 + 𝑐, where 𝑏' − 4𝑎𝑐 < 0 

𝑠 + 3
𝑠$ + 6𝑠 + 25 

𝐴𝑠 + 𝐵
𝑠$ + 6𝑠 + 25 

4. Repeated irreducible quadratic 
factors 

𝑄(𝑠) = (𝑎𝑠' + 𝑏𝑠 + 𝑐)), where 𝑏' − 4𝑎𝑐 < 0 

𝑠 + 6
(𝑠$ + 6𝑠 + 25)$ 

𝐴𝑠 + 𝐵
𝑠$ + 6𝑠 + 25 +

𝐶𝑠 + 𝐷
(𝑠$ + 6𝑠 + 25)$ 

where A, B, C and D are constants. 



Example 8.4: 

Find the inverse Laplace transform of  𝐹(𝑠) = &%"$+/
"("+&)("+,)$

. 

Solution: 

 𝐹(𝑠) = &%"$+/
"("+&)("+,)$

= 4
"
+ 5

"+&
+ 6

("+,)$
+ 7

"+,
 

10𝑠, + 4 = 𝐴(𝑠 + 1)(𝑠 + 2), + 𝐵𝑠(𝑠 + 2), + 𝐶𝑠(𝑠 + 1) + 𝐷𝑠(𝑠 + 1)(𝑠 + 2) 

If we set 𝑠 = 0, 𝑠 = −1, 𝑠 = −2 and	𝑠 = 1, we obtain 

𝐴 = 1,  𝐵 = −14,  𝐶 = 22,  𝐷 = 13 respectively. 

Therefore, 

ℒ!& Z &%"$+/
"("+&)("+,)$

[ = ℒ!& E&
"
− &/

"+&
+ ,,

("+,)$
+ &8

"+,
F = 1 − 14𝑒!# + 22𝑡𝑒!,# + 13𝑒!,#   

 

Exercise 

Solve the inverse Laplace transform of the followings: 

(i) ℒ!& Z /"$!9"!/&
("!&)("+,)("!8)

[  Ans: 7𝑒# − 𝑒!,# − 2𝑒8#  

(ii) ℒ!& Z &
"*+"

[   Ans: 1 − cos 𝑡 

(iii) ℒ!& Z "$+"!9,
("+&)("$+,9)

[  Ans: −2𝑒!# + 3 cos 5𝑡 − ,
9
sin 5𝑡 

 

 

8.6 LAPLACE TRANSFORM OF DERIVATIVES 

8.6.1 LAPLACE TRANSFORM OF FIRST DERIVATIVE 

If 𝑓(𝑡) is continuous for all 𝑡 ≥ 0, satisfies the growth condition and 𝑓:(𝑡) is piecewise continuous on 
every finite interval on the semi-axis 𝑡 ≥ 0, then 

ℒ{𝑓:(𝑡)} = 𝑠ℒ{𝑓(𝑡)} − 𝑓(0) 

Proof: 

ℒ{𝑓:(𝑡)} = ∫ 𝑒!"#𝑓:(𝑡)$
% 𝑑𝑡   

= 𝑒!"#𝑓(𝑡)|%$ + 𝑠 ∫ 𝑒!"#𝑓(𝑡)$
% 𝑑𝑡  



= −𝑓(0) + 𝑠ℒ{𝑓(𝑡)}  

 

8.6.2 LAPLACE TRANSFORM OF SECOND DERIVATIVE 

If 𝑓(𝑡) and 𝑓:(𝑡) are continuous for all 𝑡 ≥ 0, satisfies the growth condition and 𝑓::(𝑡) is piecewise 
continuous on every finite interval on the semi-axis 𝑡 ≥ 0, then 

ℒ{𝑓::(𝑡)} = 𝑠,ℒ{𝑓(𝑡)} − 𝑠𝑓(0) − 𝑓′(0) 

Proof: 

ℒ{𝑓::(𝑡)} = 𝑠ℒ{𝑓′(𝑡)	} − 𝑓:(0)  

= 𝑠=𝑠ℒ{𝑓(𝑡)} − 𝑓(0)> − 𝑓:(0)  

= 𝑠,ℒ{𝑓(𝑡)	} − 𝑠𝑓(0) − 𝑓:(0)  

 

8.6.3 LAPLACE TRANSFORM OF THE DERIVATIVE 𝑓(2)	 OF ANY ORDER 

If 𝑓	, 𝑓’, . . . 𝑓(2!&) are continuous for all 𝑡 ≥ 0, satisfies the growth condition and 𝑓(2) is piecewise 
continuous on every finite interval on the semi-axis 𝑡 ≥ 0, then 

ℒ`𝑓(2)(𝑡)a = 𝑠2ℒ{𝑓(𝑡)} − 𝑠2!&𝑓(0) − 𝑠2!,𝑓:(0) − ⋯− 𝑓2!&(0) 

 

8.7 LAPLACE TRANSFORM OF INTEGRAL 

If 𝑓(𝑡) is piecewise continuous for all 𝑡 ≥ 0, 

ℒ b+𝑓(𝜏)
#

%

𝑑𝜏d =
1
𝑠
𝐹(𝑠) 

Proof: 

ℒ Z∫ 𝑓(𝜏)#
% 𝑑𝜏[

:
= 𝑠ℒ Z∫ 𝑓(𝜏)#

% 𝑑𝜏[ − ∫ 𝑓(𝜏)%
% 𝑑𝜏  

ℒ{𝑓(𝜏)} = 𝑠ℒ Z∫ 𝑓(𝜏)#
% 𝑑𝜏[  

ℒ Z∫ 𝑓(𝜏)#
% 𝑑𝜏[ = &

"
ℒ{𝑓(𝜏)}  

 

Example 8.5: 

Find the inverse of &
"("$+;$) and &

"$("$+;$). 

Solution: 

We know that ℒ!& E &
"$+;$F =

<=>;#
;

= 𝑓(𝜏) 

ℒ!& Z &
"("$+;$)[ = ℒ!& Z&

"
ℒ=𝑓(𝜏)>[  



= ∫ <=>;?
;

#
% 𝑑𝜏  

= &
;$ (1 − cos𝜔𝑡)  

ℒ!& Z &
"$("$+;$)[ =

&
;$ ∫ (1 − cos𝜔𝜏)

#
% 𝑑𝜏  

= #
;$ −

<=>;#
;*   

 

8.8 FIRST SHIFT THEOREM: s-SHIFTING 

If 𝑓(𝑡) has the transform 𝐹(𝑠) (where 𝑠 > 𝑘 for some 𝑘), then 𝑒'#𝑓(𝑡) has the transform 

ℒ{𝑒'#𝑓(𝑡)} = 𝐹(𝑠 − 𝑎) 

where (𝑠	– 	𝑎) > 𝑘.  

 

Proof: 

𝐹(𝑠 − 𝑎) = ∫ 𝑒!("!')#$
% 𝑓(𝑡)𝑑𝑡  

= ∫ =𝑒'#𝑓(𝑡)>𝑒!"#$
% 𝑑𝑡  

= ℒ{𝑒'#𝑓(𝑡)}  

 

Example 8.6: 
1. From previous example, we know that ℒ{cos(𝜔𝑡)} = "

"$+;$ and ℒ{sin(𝜔𝑡)} = ;
"$+;$  

then  
ℒ{𝑒'# cos(𝜔𝑡)} = "!'

("!')$+;$  

ℒ{𝑒'# sin(𝜔𝑡)} = ;
("!')$+;$  

2. Using first shift theorem, find the inverse of the transform ℒ{𝑓(𝑡)} = 8"!&8-
"$+,"+/%&

 . 

Solution: 

ℒ!& E 8"!&8-
"$+,"+/%&

F = ℒ!& E8("+&)!&/%("+&)$+/%%
F  

= 3ℒ!& E "+&
("+&)$+/%%

F − 7ℒ!& E ,%
("+&)$+/%%

F  

= 3𝑒!# cos 20𝑡 − 7 e!@sin 20𝑡  

 



Exercise 

Solve the inverse Laplace transform of the followings: 

(i) ℒ!& Z .
"$+A"+,9

[  Ans: 2	𝑒!/# sin 3𝑡 

(ii) ℒ!& Z 8"!9
"$+,"+9

[  Ans: 3𝑒# cos 2𝑡 − 4 e!@	sin 2𝑡	 

(iii) ℒ!& Z "
("+9)+

[   Ans: &
,
𝑒!9#𝑡, − 9

8!
𝑒!9#𝑡8 

 

8.9 UNIT STEP FUNCTION (HEAVISIDE FUNCTION) 

Mathematical definition of a unit step function is 

 

The unit step function has a discontinuity, or jump, at the origin for 𝑢(𝑡) or at the position a for 𝑢(𝑡	– 	𝑎) 
where a is an arbitrary positive.  

                          

The transform of u(t – a) follows directly from the defining integral: 

ℒ{𝑢(𝑡 − 𝑎)} = ∫ 𝑒!"#$
% 𝑢(𝑡 − 𝑎)𝑑𝑡  

= ∫ 𝑒!"#$
' ∙ 1	𝑑𝑡  

= − &
"
𝑒!"#8

'

$
  

= *#!,

"
  

  

<ì
- = í >î

0 if
( )

1 if
t a

u t a
t a



Example 8.7: 

 

 

 

8.10 SECOND SHIFT THEOREM: TIME SHIFTING (t-SHIFTING) 

If 𝑓(𝑡) has the transform 𝐹(𝑠), then the “shifted-function” 

ℒ{𝑓(𝑡 − 𝑎)𝑢(𝑡 − 𝑎)} = 𝑒!'"𝐹(𝑠) 

ℒ{𝑓(𝑡)𝑢(𝑡 − 𝑎)} = 𝑒!'"ℒ{𝑓(𝑡 + 𝑎)} 

 

Proof: 

Let 𝜏 = 𝑡 − 𝑎, 

ℒ{𝑓(𝑡 − 𝑎)𝑢(𝑡 − 𝑎)} = ∫ 𝑒!"#$
% 𝑓(𝑡 − 𝑎)𝑢(𝑡 − 𝑎)𝑑𝑡  

= ∫ 𝑒!"(?+')$
!' 𝑓(𝜏)𝑢(𝜏)𝑑𝜏  



= 𝑒!'" ∫ 𝑒!"?$
% 𝑓(𝜏)𝑑𝜏  

= 𝑒!'"𝐹(𝑠)  

Example 8.8: 

1. Write the following function using unit step functions and find its transform. 

𝑓(𝑡) =

⎩
⎪
⎨

⎪
⎧

2 if	0 < 𝑡 < 1
1
2 𝑡

, 			if	1 < 𝑡 <
1
2𝜋

cos 𝑡 if	𝑡 >
1
2𝜋					

 

 
Solution: 

𝑓(𝑡) = 2=𝑢(𝑡) − 𝑢(𝑡 − 1)>pqqqqqrqqqqqs
B'C#	(')

+ &
,
𝑡, t𝑢(𝑡 − 1)pqrqs

B'C#	(E)
− 𝑢 E𝑡 − &

,
𝜋Fpqqrqqs

B'C#	(F)

u+ (cos 𝑡)	𝑢 E𝑡 − &
,
𝜋Fpqqqqqrqqqqqs

B'C#	(G)

  

Part (a): ℒ`2=𝑢(𝑡) − 𝑢(𝑡 − 1)>a = 2 E&
"
− *#,

"
F  

Part (b): ℒ Z&
,
𝑡,𝑢(𝑡 − 1)[ = &

,
ℒ{(𝑡 − 1),𝑢(𝑡 − 1) + 2(𝑡 − 1)	𝑢(𝑡 − 1) + 𝑢(𝑡 − 1)} 

= &
,
𝑒!" E ,

"*
+ ,

"$
+ &

"
F  

= 𝑒!" E &
"*
+ &

"$
+ &

,"
F  

Part (c): 

ℒ Z&
,
𝑡,𝑢 E𝑡 − &

,
𝜋F[ = &

,
ℒ vE𝑡 − &

,
𝜋F

,
𝑢 E𝑡 − &

,
𝜋F + 𝜋 E𝑡 − &

,
𝜋F 	𝑢 E𝑡 − &

,
𝜋F + &

/
𝜋,	𝑢 E𝑡 − &

,
𝜋Fw  

= &
,
𝑒!H"/, E ,

"*
+ H

"$
+ H$

/"
F  

= 𝑒!H"/, E &
"*
+ H

,"$
+ H$

A"
F  

Part (d): ℒ Z(cos 𝑡)	𝑢 E𝑡 − &
,
𝜋F[ = ℒ Z− sin E𝑡 − &

,
𝜋F 	𝑢 E𝑡 − &

,
𝜋F[ 

= − *#-,/$

"$+&
  



Combining all the terms: 

ℒ{𝑓(𝑡)} = ,
"
− ,

"
𝑒!" + 𝑒!" E &

"*
+ &

"$
+ &

,"
F − 𝑒!

-,
$ E &

"*
+ H

,"$
+ H$

A"
F − *#-,/$	

"$+&
  

 

 

2. Find the inverse transform 𝑓(𝑡) of 𝐹(𝑠) = *#,

"$+H$
+ *#$,

"$+H$
+ *#*,

("+,)$
. 

Solution: 

First, we consider without the exponential functions in the numerator. 

ℒ!& E &
"$+H$

F = <=>H#
H

,  ℒ!& E &
("+,)$

F = 𝑡𝑒!,#  

By second shift theorem, 

𝑓(𝑡) = &
H
sin=𝜋(𝑡 − 1)> 𝑢(𝑡 − 1) + &

H
sin=𝜋(𝑡 − 2)> 𝑢(𝑡 − 2) + (𝑡 − 3)𝑒!,(#!8)𝑢(𝑡 − 3)  

 

 

 
 

 
 
 

 


