LAPLACE TRANSFORM

WEEK 8: LAPLACE TRANSFORM

8.1 INTRODUCTION

Laplace transforms are invaluable for any engineer’s mathematical toolbox as they make solving
linear ODEs and related initial value problems, as well as systems of linear ODEs, much easier. The
key motivation for learning about Laplace transforms is that the process of solving an ODE is
simplified to an algebraic problem (and transformations). Applications abound: electrical networks,
springs, mixing problems, signal processing, and other areas of engineering and physics.

8.2 DEFINITION

Laplace transform of a function f(t) is defined as

F(s) = LIF (D)} = ] f()e™t dt
0

Laplace transform is called an integral transform because it transforms (changes) a function in one
space to a function in another space by a process of integration that involves a kernel, k(s,t) = e ™.

F(s) = J k(s, ©)f(£) dt
0

One canimagine f(t) to be a function in the time domain (t). By performing Laplace transform, one
can transform the time domain function to the frequency doman F(s) to be in frequency domain

(s).

The purpose of doing that is because it is easier to solve integrals and ordinary differential equations
with constant coefficients in the frequency domain than it is in the time domain. Once solved (easily)
in the frequency domain, one needs to revert it back to the time domain (using inverse Laplace
transform) to obtain the solution. This will be topic to coverin Week g, but before doing so, one needs
to be familiar with the mechanics of forward and inverse Laplace transform.

Transforming f(t) to a causal function:

f@) f@® u®)

L : o
t
Causal function
Note that since the limit of the above integral begins at t = o, the behavior of the function f(t) att <

oisignored. This is so-called causal function (where f(t) = 0 at any value t < 0). In other words, we
only deal with real time, t > 0.



Example 8.1:

1. Let f(t) = 1 whent=o.Find F(s).

Solution:
F(s) = L(1)
= fow 1-e7Stdt
- _le—st
s 0
_1
- S

2. Let f(t) = e* whent 2o, where ais a constant. Find L{f (t)}.
Solution:

L(eat) — fooo et . o=t d¢

s—a 0

1 _ _ [ee]
— e (s—a)t

8.3 LINEARITY

For any functions f(t) and g(t) whose transforms exist and any constants a and b, the transform of
af (t) + bg(t)isgiven by

Liaf (t) + bg(t)} = aL{f ()} + bL{g(1)}

Proof:

L{af (&) + bg()} = [, e~ (af (&) + bg(®)) dt
=af e Stf(O)dt+b [ e Stg(t)dt
= aL{f(t)}+ bL{g(D)}

Example 8.2:

1. Find the Lapalce transforms of cosh(at) and sinh(at).

Solution:
L{cosh(at)} = L(

eat+e—at
2 )

=2 L(e) + 5 L(e™) =



eat

Lfsinh(at)} = £ (“)

_l at _1 —at
= 1o(e) — Lr(emar)

_1(1 1)
_2 s—a s+a
a

s2—q2



8.3.2 LAPLACE TRANSFORM PAIRS

f@® £(f) @ £(f)
1 1 1/ 7 ¢ u
5 cos @
2+ w?
®
2 t 1/s2 8 sin wt
f 2+ w?
3 2 21/s3 9 cosh at >
2 g2
P n! . a
4 (n=0,1,--+) g+l 10 sinh at Ep
T'a+1) _
5 ta . 11 €% cos wt S S —
(a positive) ga+l (s — a)z + o?
at 1 at - w
6 4 — 12 e” sin ot
s—a (s — at)2 + o?

Exercise
Based on the Laplace transform pairs, compute the Laplace transform of the following functions, f (t):

(i) 4 Ans: =

7200

.. 6
(iiyiot Ans: p

. . 100
(iii) 20sin 5t Ans: 5—
54425

28s
45241

(iv) 7 cos(%) Ans:

(v)2sin26t  Ans:=

s s2+144

8.4 INVERSE TRANSFORM

If F(s) represents the Laplace transform of a function f(t), thatis, L{f (t)} = F(s), we say f(t) is the
inverse Laplace transform of F(s).

The inverse Laplace transform is denoted as
f@®) = L7HF(s)}
Note: L~HL(f ()} = f(t) and L{L™L(F(s))} = F(s)

In determining the inverse Laplace transform, some manipulations must be done to get F(s) into a
form suitable for the direct use of the Laplace transform table.



Example 8.3:

Evaluate (a) L1 (i) (byL£1 (

S5

1
s2+7

Solution:
@L7(5) =57 (5) =5t

)£ (o) = L 171 (22) = Lein 7t

= S1
5247 V7 5247 V7

007 (29) = £ (4 557) = 27 () 527

s2+4 s2+4 5244

8.5 PARTIAL FRACTION

) (€ L~

1 (—ZS+6)
s2+4 )’

The solution F(s) usually comes out as a general form of

P(s)

s2+4

)= —2cos 2t + 3sin 2t

_aps"+a,_ sVt ags +ag

F(S)=@=S(S)+

Q(S)  bps™ + byy_1s™ 1+ -+ bys + by

where P(s) and R(s) are the numerators and Q(s) is the denominator.

A proper rational function of F(s) should be expanded as a sum of partial fraction before its inverse

Laplace transform can be found.

Depending on the roots of Q(s) we have fraction expansion in the form:

Denominator Q(s)

Example of F(s)

Partial fraction expansion

1. Distinct & real roots

Q(s) = (a;s + by)(ays + by) ... (ais +by)

96s
s(s+8)(s+6)

A B C

+—
s s+8 s+6

Q(s) = (as? + bs + ¢)", where b> —4ac < 0

2. Repeated & real roots s+ 30 A N B
Q(s) = (ay5 + by)" (s +3)? (s+3) s+3
3. Distinct irreducible quadratic factors s+3 As + B
Q(s) = as? + bs + ¢, where b? — 4ac < 0 s2+6s+ 25 s?2 + 65+ 25
4. Repeated irreducible quadratic
f s+6 As+B Cs+D
actors +
(s? + 65 + 25)? s2+6s+ 25  (s?+ 65+ 25)?

where A, B, C and D are constants.




Example 8.4:

Find the inverse Laplace transform of F(s) = __10s744
P T s(s+1)(s+2)2
Solution:
2
F(s) = _ 10s74+4 _ 4 B C D

sGs+1)(s+2)2 s | s+l | (s+2)2 | s+2
10s2 +4=A(s+1)(s +2)2+Bs(s +2)?+ Cs(s + 1) + Ds(s + 1)(s + 2)
Ifwesets =0,s = —1,s = —2and s = 1, we obtain
A=1, B=-14, C =22, D = 13 respectively.

Therefore,

2
S = e (- s ) = 1 1e ™t + 22te 72 + 1372

s(s+1)(s+2)2 s s+1  (s+2)%2  s+2

Exercise

Solve the inverse Laplace transform of the followings:

. -1 452—53—41 i t _ —2t _ 3t

ML {—(5_1)(s+2)(s_3)} Ans: 7e e 2e

o1 1 4

(i) £ {53+S} Ans:1 —cost

oo peq [ SZ4s—52 ot 2

(iii) £ {—(s+1)(52+25)} Ans: —2e~ ' + 3 cos 5t - sin 5t

8.6 LAPLACE TRANSFORM OF DERIVATIVES

8.6.1 LAPLACE TRANSFORM OF FIRST DERIVATIVE

If £(t) is continuous for all t > 0, satisfies the growth condition and f'(t) is piecewise continuous on
every finite interval on the semi-axis t > 0, then

L0} = sL{f (O} = f(0)

Proof:
L@} = [, et (©) dt
=eSHFOIF +5 [ e St f (D) dt



= —f(0) + sL{f ()}

8.6.2 LAPLACE TRANSFORM OF SECOND DERIVATIVE

If f(t) and f'(t) are continuous for all t > 0, satisfies the growth condition and f"'(t) is piecewise
continuous on every finite interval on the semi-axis t > 0, then

L{f" )} = s*L{f )} — s£(0) = f(0)

Proof:

L (O} = sL{f'(©) } — f'(0)
= s(sL{f O} = f(0)) = £'(0)
= s2L{f(t) } — sf(0) — f'(0)

8.6.3 LAPLACE TRANSFORM OF THE DERIVATIVE f(") OF ANY ORDER

If £,F,...f®™ D are continuous for all t > 0, satisfies the growth condition and JAREE piecewise
continuous on every finite interval on the semi-axis t > 0, then

LD ()} = smL{f ()} — s (0) — s™72f'(0) — -+ — £71(0)

8.7 LAPLACE TRANSFORM OF INTEGRAL

If £(t) is piecewise continuous forall t > 0,

] 1
L Jf(r)dr =§F(s)
0

Proof:

c{f f@ar) =sc{fyf@ar} - [ f@) ae
LY@} = sL{f, f@)

c{f f@dr} =1e(r)

Example 8.5:

and ——
s(s?+w?) s2(s?2+w?)’

Find the inverse of

Solution:

We know that £~ ( ! ) U

s24+w?

=f®

w

L7 {s(sziwz)} =L {%L(f(‘[))}




t sinwt
_fo w dr
_E( — cos wt)

L1 {;} = éfot(l — cos wt) drt

52(s?+w?)

8.8 FIRST SHIFT THEOREM: s-SHIFTING

If £(t) has the transform F(s) (where s > k for some k), then e% f(t) has the transform
L{e®f()} =F(s —a)
where (s - a) > k.

Fi
F(s) l F(s -a)
|
|
[ s
s=a,a>0
Proof:
F(s—a)= [ e ¢~ f(t)dt
= [ (e®f(r))e st dt
= L{e“f(t)}
Example 8.6:
1. From previous example, we know that L{cos(wt)} = ﬁ and L{sin(wt)} = #
then
at _ S—a
L{e* cos(wt)} = Goarrer
at o - ®
L{e® sin(wt)} = oo
2. Using first shift theorem, find the inverse of the transform L{f (t)} = % )
Solution:
1 35-137 \ _ ._q (3(s+1)-140
L (52+25+401) =L ((s+1)2+400)

=3£"1 ((s+1$)++400) —7L71 ((S+1)2+m)

= 3e~tcos 20t — 7 e"tsin 20t



Exercise

Solve the inverse Laplace transform of the followings:

N -1 6 .9 oAt

mHL {52+85+25} Ans: 2 e™*" sin 3t

. -1 35—-5 . t _ —t
(i) £ {s2+25+5} Ans: 3e* cos 2t —4 e "sin2t
_ s 1 _ 5 _

(i) £ 1{(S+5)4} Ans: e 5tt2—§e 5t¢3

8.9 UNIT STEP FUNCTION (HEAVISIDE FUNCTION)

Mathematical definition of a unit step function is

0 ift<a
u(t—a)= .
1 ift>a

The unit step function has a discontinuity, or jump, at the origin for u(t) or at the position a for u(t - a)
where a is an arbitrary positive.

u(t) u(t-a)

l —— 1

The transform of u(t — a) follows directly from the defining integral:
L{u(t —a)} = [ et u(t — a)dt

= faw e St-1dt




Example 8.7:

f@)

-5

(A) f(¢1) =5 sint

B) fOult-2)

(A) klu(t—1)—2u(t—4) + u(t - 6)]

switch off between

shifted to the right

t=0and?=2 by 2 units
_/\ 1 /\

[

I

SR 0 -
2 2 t 2 m+2 2n+2

BV,

-5

©) fEt-2ult-2)

t

AL

(B) 4 sin Gro)lu(t) —ult - 2) + u(t — 4) - + -]

8.10 SECOND SHIFT THEOREM: TIME SHIFTING (t-SHIFTING)

If £ (t) has the transform F(s), then the “shifted-function”

Proof:

Lett=t—a,

L{f(t — a)u(t —a)} = e F(s)

LIfFOu(t —a)} = e"*L{f(t + a)}

OR

A

KL

N}

L{f(t — au(t — )} = [, e f(t — a)u(t — a)dt

= [0 750D f(u(r)dr

=



=% fooo e ST f(r)dr
= e BF(s)
Example 8.8:

1. Write the following function using unit step functions and find its transform.
2 ifo<t<1

1t2 if 1 t<1
fo =12 ifl< 27'[

1
cost ift>Err

f()
2
1 (—
0 I I /|\1 I \/|\ |
1 ™ 2 At t
_]_ -

Solution:

1 1 1
f(t)=2(u(t)—u(t—1))+zt2 u(t—l)—u(t—zn) +(cost)u(t—51r)
part (a) part (b) part (c) part (d)

Part (a): £{2(u(t) —u(t — 1))} = 2 G - e__s)

N

Part (b): L{%tzu(t - 1)} = 2L{(t — D%ult — 1) + 2 - Dult — 1) +u(t — 1)}

Part (c):

cfae=m)) = def(c -2 u (o= 2n) (=20 u(e- ) 2 - )

1 _ps/2(2 w2
ernezed

S

2
= e~ T5/2 (is + U + ”_)

S

Part(d):L{(cos t) u(t —%rc)} = L{— sin (t —%T[) u(t —%T[)}

e~ TS/2

s2+1



Combining all the terms:

2 2 1 1 1 BT T m? e~ Ts/2

L t =———e'5+e‘s(—+—+—)—e 2(—+—+—)——

{f( )} s s s3 s 2s s3 252 8s sZ2+1
e—S e—ZS e—3S

2. Find the inverse transform f(t) of F(s) =

s2+m2  s2+m?2  (s+2)%

Solution:

First, we consider without the exponential functions in the numerator.

-1 1 __sinmt -1 1 _ —2t
L (52+T[2) - on ! L ((s+2)2) =te

By second shift theorem,

@ = ~sin(m(t — D) u(t — 1) +—sin(m(t — 2)) u(t — 2) + (¢t — 3)e 2Dy (t - 3)

0.3
0.2 -

0.1




